We show that the Fano operator for one dimensional quantum system is uniquely determined by assuming the reasonable behavior under translation and parity transformation on phase space. Contrarily, for the system with lattice phase space the same procedure does not work.
I. INTRODUCTION
The expectation values for mixed state with density matrixρ are expressed as the averages over phase space quasiprobability W (q, p) defined by W (q, p) = 1 2πh W (q, p)dp = q|ρ|q , (C) The Wigner function includes the same information as the density matrix.
Here, |q and |p are eigenvectors for coordinate operatorQ and momentum operatorP , respectively,Q |q = q|q ,P |p = p|p Inversely, it is pointed out that the Wigner function is not determined uniquely under these conditions by many physicists [2] ∼ [6] . From tomographic point of view, Bertrand and
Bertrand [7] and Leonhardt [8] impose an additional condition which gives the connection between rotations of quantum variables (Q,P ) and of the point (q, p) in phase space on which the Wigner function is defined,
where R θ is unitary operator for rotation of quantum variables (Q,P ),
And they show that there is only one solution satisfying it for one dimensional quantum system.
In the previous paper [9] , we rewrote this condition using the Fano operator∆(q, p) [10] defined by
Namely, we assumed that 4) and showed that there is only one solution satisfying this condition. For the lattice phase space with N 2 sites, we could discuss it in the same manner and we found the unique solution, which is equivalent to the one given by Cohendet [11] , for the case where N is odd, but no solution for the case where N is even. Naively, we are interested in whether the Wigner function is determined uniquely under the assumption for the properties of simpler transformation than rotation. In this paper, we assume the behavior of the Fano operator∆(q, p) in equation (1.2) under the translation and parity transformation and try to determine the Fano operator. For one dimensional quantum system, we can find out only one Fano operator which satisfies the conditions corresponding to the above ones (A) ∼ (C) and new conditions. But, for systems with lattice phase space, we cannot determine it uniquely.
II. THE WIGNER FUNCTION ON ONE DIMENSIONAL SYSTEM
In this section, we study the Fano operator∆(q, p) defined by equations (1.2) and (1.3).
In terms of the Fano operator, we can rewrite the conditions (A) ∼ (C) in the preceding section, ∞ −∞∆ (q, p)dp = |q q|, (2.1)
where |q and |p are eigenvectors of the coordinate operatorQ and the momentum operator P with eigenvalues q and p, respectively, as stated previously and ∆ q 1 q 2 (q, p) = q 1 |∆(q, p)|q 2 is a matrix element of the Fano operator between eigenvectors of the operatorQ for eigenvalues q 1 and q 2 . When we expand the Fano operator in terms of complete set e iQP /h e −iPQ/h ,
the coefficients a(q, p; Q, P) should satisfy the conditions
because of conditions (2.1) ∼ (2.4). Using the Fourier transformed coefficientsã(s, t; Q, P)
these conditions can be described in simpler forms;
A. New conditions arising from translation and parity transformation
For the classical theory, the distribution function ρ(q, p) on phase space is transformed by the following way;
under the translation on phase space,
And under the parity transformation on phase space
Thus, in the quantum theory, we hope that the Fano operator is transformed as follows;
and
Here, U cont (a, b) and T cont are unitary operators which are defined by
13)
It is easily shown that these unitary operators U cont (a, b) and T cont induce the translation and parity transformation, respectively,
For the coefficients in the expansion (2.5), these conditions (2.11) and (2.12) become
Using the Fourier transformed coefficientsã(s, t; Q, P), these conditions are given bỹ a(s, t; Q, P) = e −i(Q−t)b/h e 
where F (s, t) is a function of s and t which is determined by other conditions.
Taking account of the condition (2.20), we obtain the condition for the function F (s, t)
From conditions (2.22) and (2.9), the function F (s, t) should satisfy
So that we get
, where R(s, t) is a real function of s and t. The value of the square of this function R(s, t) is restricted to unity by the condition (2.10)
Because of the condition (2.7), we should choose +1 as R(s, t) and we have unique solutioñ a(s, t; Q, P) = e −iQP/h δ(Q − t)δ(P − s).
Here we assumed that the function R(s, t) is continuous.
III. THE WIGNER FUNCTION ON LATTICE PHASE SPACE
In this section, we try to determine the Fano operator by the similar method to the one we adopted in the preceding section. For lattice phase space with N 2 sites, we can obtain the conditions corresponding to the conditions (A) ∼ (C) by replacing the integration by summation over Z N in the equations (2.7), (2.8), (2.9) and (2.10),
where |q and |p are eigenvectors of "coordinate" and "momentum" operators with eigenvalue q (q ∈ Z N ) and p (p ∈ Z N ), respectively and δ
.
We decompose the Fano operator∆(q, p) into matrices S n P m (n, m = 0, 1, 2, · · · , N −1),
where the matrices S and P are defined by
and ω is a primitive N-th root of unity,
These matrices satisfy commutation relation
This commutation relation appears similar to the commutation relation between operators e −iPQ/h and e iQP /h used in the preceding section e iQP /h e −iPQ/h = e −iPQ/h e −iPQ/h e iQP /h , and we can think that matrices P and S correspond to e −iQ/h and e iP /h , respectively. It is natural that the eigenvector |q and |p are regarded as the eigenvectors with respect to the matrices P and S, respectively:
So, the eigenvector |p is expressed as the linear combination of the eigenvector |q ,
We will use this correspondence of P and S to e −iQ/h and e iP /h in order to define the translation and parity transformation in lattice phase space.
Using the coefficients a(q, p; n, m), the conditions (3.1) ∼ (3.4) become
n,l , (3.14)
In order to obtain the equation (3.14), we used the relation,
We introduce the Fourier transformed coefficientsã(s, t; n, m)
The above conditions (3.11) ∼ (3.14) becomẽ
As we explained in the preceding subsection, since we consider that the matrices P and S as e −iQ/h and e iP /h , from the definition (2.13) of U cont (a, b), the unitary matrices U dis (a, b)
for the translation in lattice phase space is obtained,
From commutation relation (3.8), we obtain
This transformation is similar to the transformation of e −iQ/h and e iP /h by unitary operator
Imitating the equation (2.11), we assume that the Fano operator satisfies
Similarly, for the parity transformation, we assume as follows
where T dis is the unitary matrix for the parity transformation, which is given by
It is checked that this unitary matrix T dis transforms matrices P and S into inverse matrices In order that the coefficientsã(s, t; n, m) satisfy the condition (3.26) for arbitrary integers a and b,ã(s, t; n, m) should be proportional to δ
where F (s, t) is a complex valued function. And, from the condition(3.27), the function F (s, t) should be a symmetric function under the reflection s → −s, t → −t
The condition (3.18) with the above equation determines the phase factor up to sign, we can see that
Thus, we obtain the same condition as we did for one dimensional quantum system in the preceding section. In that case, we could determine the R(s, t) since we assumed that it is a continuous function. However, we have many ways of assigning ±1 to each site on a lattice phase space. For example, in the case where N is odd, if we choose R(s, t) = (−1) st = ω N st/2 , we get the Fano operator which is given by Cohendet et al. [11] .
IV. SUMMARY AND DISCUSSION
We tried to determine the Fano operator uniquely under the assumptions for translation and parity transformation. For one dimensional quantum system, we found out only one Fano operator satisfying these conditions and three original conditions. Contrary to this case, for the lattice phase space which includes N 2 sites, we could not determine the Fano operator uniquely.
We considered the map from a point on phase space to the point rotated about the original point (q, p) = (0, 0) by π as the parity transformation. However, there are quantum systems where we had better consider the rotation about another point, instead of the origin, as the parity transformation. For example, in spin systems, the parity transformation is corresponding to exchanging between eigenstates for eigenvalues ω k and ω N −1−k of matrix
